We demonstrate that incomplete quantum tomography can give conclusive information in experimental realizations. We divide the state space into a union of multiple disjoint subsets and determine conclusively which of the subsets a system, prepared in completely unknown state, belongs to. In other words we construct and solve membership problems. Our membership problems are partitions of the state space into a union of four disjoint sets formed by fixing two maximally entangled reference states and boundary values of fidelity function radius between the reference states and the unknown preparation. We study the necessary and sufficient conditions of the measurements which solve these membership problems conclusively. We construct and experimentally implement such informationally incomplete measurement on two-photon polarization states with combined one-qubit measurements, and solve the membership problem in example cases.
I. INTRODUCTION
Quantum tomography has become a standard procedure in quantum information [1] . Having a system prepared in an entirely unknown quantum state, it is possible to identify the state by making suitably many measurements and reconstructing it from the measurement data. The crucial point in quantum tomography is that the overall collection of measurements is such that each state gives unique measurement data. This kind of collection is called informationally or tomographically complete [2] .
An incomplete collection of measurements does not allow a direct state reconstruction from the measurement data as two different states may give the same data. One can use some additional prior information, if available, to compensate the informational incompleteness. In particular, quantum tomography under the prior information that the unknown state is pure has been investigated in several earlier works [3] [4] [5] [6] [7] [8] [9] [10] .
In the current work we test a method in which the collection of measurements is informationally incomplete and there is no prior information on the input state, but we still aim to obtain conclusive information. Instead of trying to reconstruct the unknown state, we aim to decide from the measurement data in which of multiple disjoint subsets of states the unknown state belongs to. In recent theoretical works [11] [12] [13] [14] it has been shown that whether this task is possible or not depends on the specific details of the separation of the state space. For instance, deciding whether an unknown state has rank greater than a boundary value r or not is possible without a complete tomography if and only if r is smaller than d/2, where d is the dimension of the system [14] .
In the previously mentioned theoretical works several properties have been identified whose verification requires complete tomography and others that can be verified with some suitably chosen incomplete measurement setting. In the latter case, the actual implementation of the procedure has not been studied at all. In particular, since the measurement setting is not complete, the usual state reconstruction methods are not applicable.
In the current work, we report on our experiment of using incomplete measurement setting to obtain conclusive information on the unknown quantum state. The investigated system is the composite system of two qubits, namely the total polarization state of two spatially separated photons. Since the photon pair is produced through a spontaneous parametric down-conversion process, the polarization system can be prepared in entangled polarization states. We solve the fidelity membership problem with respect to two maximally entangled reference states and the unknown polarization state by making only simultaneous local projective measurements on the photons, for two unknown state preparations. Restricting to combinations of local qubit projections prevents us from making projective measurements on the reference state, but still allows us to solve the membership problem.
The general aim of this work is to demonstrate, by using data from an actual experiment constructed with the geometric tools developed in [12] , that one can obtain conclusive information even if the measurement setting is not informationally complete. The fact that we manage to solve the membership problem as predicted by our theoretical analysis is reflected by having conclusive decision on which of the partition segments contains the unknown state. The confidence of the decision is so high that restrictions of numerical accuracy are more notable than the errors caused by imperfections of measurements. Further, we change the partition of the state space while keeping the initial state the same. This shows that the obtained information depends on the partition in the expected way.
The paper is structured as follows. We first identify, by applying the results from [14] , the fidelity membership problem that can be solved with incomplete tomography. We then provide a concrete measurement setting that is suitable for this task, and finally analyze the measurement data to obtain a conclusion. Our study demonstrates that the use of incomplete tomography to obtain conclusive information is possible also in practice, not just in theory.
II. MEASUREMENTS AND MEMBERSHIP PROBLEMS
In quantum mechanics, any measurement can be described by a positive operator valued measure (POVM) E, which assigns a positive operator E j to each outcome j of the measurement. When the system is prepared in state ρ, the probability of obtaining the outcome j is p(E j ) = tr[E j ρ]. Thus, two states ρ 1 and ρ 2 can be distinguished by measurement E if and only if measuring E on both of them results to different probability distributions, or equivalently tr[E j (ρ 1 − ρ 2 )] = 0 for some outcome j.
If E can distinguish any two states, it can be used in a tomographical measurement to fully construct the density matrix representation of the system's state. This type of measurements are called informationally complete measurements. For a POVM E, we denote by dim(E) the dimension of the linear span of the operators E j , and we simply call this number the dimension of E. The informational completeness is then equivalent to dim(E) = d 2 [15] . If a measurement is not informationally complete, we say that it is informationally incomplete. Here each P k is represented by a segment of different color. In membership problems, the goal is to conclusively decide, which of the segments contains the unknown state.
Let us consider a partition of the state space S(H) of Hilbert space H into disjoint subsets P k of S(H) such that S(H) = ∪ k P k . We concentrate on problems of determining conclusively, which of the segments P k contains the unknown state ρ of the system. We call this kind of tasks membership problems [14] . A POVM E can solve the membership problem if and only if it can distinguish every ρ 1 ∈ P k from every ρ 2 ∈ P n , or equivalently if there does not exist a pair ρ 1 ∈ P k and ρ 2 ∈ P n with k = n such that tr[E j (ρ 1 − ρ 2 )] = 0 for all outcomes j.
Since informationally complete measurements can distinguish any two states, trivially they can be used to solve any membership problem. Despite their versatility, using informationally complete measurements should be avoided in membership problems, if possible: since the number of parameters to be determined increases as d 2 , full tomography becomes experimentally very demanding and time-consuming for high-dimensional systems. It is also of foundational interest to understand which membership problems can be solved without an informationally complete measurement. Since any membership problem can be formulated as a question -in which of the sets P k does the system state belong to? -it is tempting to assume that informationally complete measurements are not necessary to solve them. In [12, 13] , the possibility of solving the membership problem S(H) = P ∪ P C with informationally incomplete measurement was studied in cases, where P is the set of states of a bipartite quantum system whose subsystems share certain type of correlation. The results showed, that for some types of correlations, solving the membership problem requires informationally complete measurement, but for quantum discord it does not. Instead of the size of P, the geometry of the boundary between P and P C determines whether solving the membership problem requires informationally complete measurement or not.
Using the geometric framework introduced in [12] , other specific membership problems, namely norm distance, purity, rank, and fidelity membership problem, were studied in [14] . In this paper, we will concentrate on the fidelity membership problem and show how it can be solved experimentally in a two-photon polarization system with informationally incomplete measurement.
In the literature, there are two other common ways to gather information on a quantum state without the use of complete tomography. We briefly highlight the main differences to the current approach. First, in a state discrimination protocol [16] there are only a finite number of possible preparations and one tries to conclude the correct state from a finite number of measurement outcomes. In contrast, in the previously explained membership problem the state is completely unknown. The subsets P k that define a membership problem typically all contain infinitely many states. Second, witnesses, such as entanglement witnesses [17] , are used to gain information on a certain property. However, a witness only corresponds to a sufficient criterion whereas in the membership problem we aim to have a conclusive decision.
III. FIDELITY MEMBERSHIP PROBLEM
The fidelity F (ρ, σ) between two states ρ and σ is defined as
where √ A is the unique positive operator satisfying √ A √ A = A. The fidelity satisfies F (ρ, σ) = 1 if and only if ρ = σ. Even though fidelity is not a proper metric, it is commonly used to quantify the closeness of quantum states [18] . In addition, it can be used to define a metric, namely the Bures distance as D B (ρ, σ) := 2 − 2F (ρ, σ) , which is proportional to the Quantum Fisher information, an essential quantity in quantum metrology [19, 20] .
By fixing a boundary state σ, we can use the fidelity between the reference state σ and the unknown state to form a membership problem. Now, the task is to determine, whether the unknown state is at least as close to σ as some boundary value with respect to fidelity or not. In other words, we want to find in which part of the state space partition S(H) = S ≥ σ ∪ S < σ the unknown state is. Here, we have denoted
for any 0 ≤ ≤ 1. Let E be a POVM with the set of so-called perturbation operators ∆, defined as
where ∆ * denotes the Hermitian conjugate of ∆, and L(H) is the space of linear operators on H. In [14] , it was shown that the fidelity membership problem can be solved conclusively by measuring the POVM E with perturbations ∆ satisfying
Here, solving the membership problem conclusively means that for any state ρ ∈ S(H) the measurement outcome distribution can be analyzed in such a way that it tells us that ρ belongs to either S ≥ σ or S < σ , but never in both of them.
If the condition of Eq. (4) is violated by a perturbation ∆ ∈ X E of POVM E , there exists at least one pair of states ρ 1 ∈ S ≥ σ and ρ 2 ∈ S < σ such that measuring E on them results to exactly the same outcome probabil-
Thus, analyzing the measurement data of E when the system was prepared to state ρ which is one of these states would lead to inconclusive solution of the membership problem: the system was prepared in a state ρ which can equally likely belong to either S ≥ σ or S < σ , since measuring E on ρ 1 and ρ 2 leads to the exact same distribution.
In [14] , an upper bound for the minimal dimension of the POVM E, able to solve the fidelity membership problem, was shown to be dim(E) = r 2 +1. Here r is the rank of the reference state σ. For pure state σ = |ϕ σ ϕ σ |, we get r = 1, and thus dim(E) = 2, so there exists a POVM with only two outcomes, such that it conclusively solves our membership problem. The elements of such a POVM can be chosen as E 1 = σ, E 2 = I−σ. This can be verified from the condition (4), which reads now
and hence reduces to ϕ σ | ∆ |ϕ σ = 0. Now, by expanding |ϕ σ to an orthonormal basis B of H, the definition of the perturbations gives us
which shows that each ∆ ∈ X E satisfies Eq. (4).
The number of segments in the membership problem can be increased by using simultaneously multiple reference states. For example, using two reference states, χ and ξ, and fixing their corresponding fidelity boundary values, α and β, we can form the four segmented partition of the state space:
where
In order to solve the extended membership problem in Eq. (7), the POVM E now has to satisfy the condition of Eq. (4) for both σ = χ and σ = ξ.
For multi-partite systems, the projections on all pure states cannot be performed with simultaneous local measurements on the subsystems when the total system state is entangled. In what follows, we show how the fidelity membership problem with respect to maximally entangled states can be solved with informationally incomplete simultaneous local projections on the subsystems of a two-qubit photonic system.
From now on, we restrict to the two-qubit cases when σ is one of the Bell states
(|0, 1 + |1, 0 ). We fix the matrix representation |0 = (1 0)
T , |1 = (0 1) T and denote ∆ with the generic Hermitian two-qubit operator 
(9) By using this in Eq. (4), we see that the fidelity membership problem with respect to Ψ − and Ψ + is solved by measuring E if and only if all ∆ ∈ X E satisfy a 2,2 +a 3,3 − 2a 2,3 cos (θ 2,3 ) = 0 and a 2,2 +a 3,3 +2a 2,3 cos (θ 2,3 ) = 0, respectively. As a consequence, measuring E solves simultaneously the fidelity membership problem with respect to Ψ − and Ψ + if and only if a 2,2 = −a 3,3 and a 2,3 e iθ2,3 = 0 .
By using the two reference states, Ψ − and Ψ + , and their corresponding bipartite partitions as defined by Eq. (2), we form the following four segmented partition of the state space
Next, we will present our experimental setup and show how to implement an informationally incomplete measurement E which solves the membership problem of Eq. (11).
IV. THE EXPERIMENT A. The experimental setup
From now on, we concentrate on a specific quantum optical system, namely the polarization of two photons. We define the matrix representation of polarization through the {0, 1} basis as |H := |0 , |V := |1 , where H (V ) corresponds to horizontal (vertical) polarization. In the experiment, a 2 mm thick type II beta-barium-borate crystal is pumped with 40 mW single-mode continuous wave laser diode operating at 405 nm. The spontaneous parametric down-conversion process in crystal produces a pair of photons in polarization entangled state
(|H, V − |V, H ). We label the photons as 1 and 2. From the source, the photons pass through interference filters with 10 nm full width at half maximum centered at 810 nm. Then, the photons are coupled to single mode optical fibers and guided into their respective detection stations, illustrated in Fig. 2 .
FIG. 2.
Schematic illustration of the experimental setup. P. S. the photon source which produces the unknown 2 photon polarization states, W (φ k , π/2) quarter-wave plates, W (θ k , π) half-wave plates, PBS k polarizing beam splitters, D ik singlephoton detectors for k ∈ {1, 2} and i ∈ {H, V }, and C. C. the coincidence counting electronics which collects the statistics of the coincidences of photon detections.
In the detection stations, the projective measurements on the polarization qubits are manipulated by rotating half-wave plates W (θ k , π) and quarter-wave plates W (φ k , π/2), where k ∈ {1, 2}. In the fixed matrix representation, the action of a wave plate on the one-photon polarization state ρ can be written as W (µ, ν)ρW (µ, ν) * , where
and µ and ν correspond to rotation angle and phase shift of the wave plate, respectively. In the detection stations of Fig. 2 , this means that the total two-qubit measurement bases can be rotated with operators
After the wave plates, each photon goes through a polarizing beam splitter PBS k and ends up at a detector D V k or D Hk . For each rotated polarization basis, the measurement data consists of coincidence counts in detector combinations
whose measurement outcome probabilities in the polarization basis rotated with angles θ 1 , φ 1 , θ 2 , and φ 2 are obtained as
where i, j ∈ {H, V }, and the total polarization system is prepared in state ρ. For short, we denote the projections on the rotated basis elements, corresponding to our POVM elements, as
where i, j ∈ {H, V }.
B. POVM to solve the membership problem of fidelity environments TABLE I. Three orthonormal bases, B1, B2 and B3, forming a sufficient set of projective measurements to solve the fidelity membership problem of two-photon polarization states with respect to Ψ − and Ψ + . Here θ k corresponds to rotation angle of half-wave plate and φ k corresponds to rotation of quarterwave plate of photon k ∈ {1, 2}.
In Table I , we present three combinations of wave plate rotation angles, corresponding to measurements of different orthonormal bases (ONB), B 1 , B 2 and B 3 , used in the experiment. B 1 consists of the tensor products of projections on local {H, V } bases, B 2 consists of the tensor products of projections on local {+, −} bases, and B 3 consists of the tensor products of projections on local {R, L} bases. Thus, the three bases are mutually unbiased.
For each basis, the measurement is repeated for multiple identical copies of the unknown state and the probability distribution of the measurement outcomes is collected. In the measurement, the total set of POVM elements is E = 
We number the POVM elements E i so that E j+4(k−1) is the j th element of B k scaled with factor 1/3. Since the dimension of this POVM is 10, and the POVM is informationally complete if and only if dim(E) = d 2 = 16, we conclude that E is informationally incomplete.
By solving a basis for the kernel of the linear space spanned by E, we find the space of the perturbations to 
Each of the basis elements of X E satisfies the conditions in Eq. (10) and, as a consequence, so does every ∆ ∈ X E . This shows that measuring the POVM E solves the fidelity membership problems with respect to the reference states Ψ − and Ψ + , as described above. Since E solves the membership problem with respect to both of the reference states simultaneously, it also solves the four segmented membership problem of Eq. (11) . In order to solve the membership problem, we analyze the measurement outcome probability distributions of all the three bases.
TABLE II. Nine orthonormal bases, B1, B2 and B 3 , . . . , B 9 , forming an insufficient set of projective measurements to solve the fidelity membership problem of two-photon polarization states with respect to Ψ − and Ψ + . Here θ k corresponds to rotation angle of half-wave plate and φ k corresponds to rotation of quarter-wave plate of photon k ∈ {1, 2}. Note that the bases B1 and B2 are the same as in Table I , but instead of B3 this set includes bases B 3 , . . . , B 9 . For the sake of example, we present in Table II a set of nine ONB's resulting to another POVM. Here, the bases B 1 and B 2 are exactly the same as in Table I and the basis B 3 has been replaced by 7 other bases, namely B 3 , . . . , B 9 . Similarly to the bases of Table I , we can use the projective measurements on the basis elements of B 1 , B 2 , B 3 , . . . , B 9 of Table II and form another POVM E . Using E , we find a basis for its space of perturbations X E . Checking the condition in Eq. (4) shows that these measurements cannot be used to solve conclusively our membership problem since there exists at least one ∆ ∈ X E such that Eq. (4) is violated. This means that there exist states for which the measurement outcome distribution of measuring E could be produced by two states in different segments of the partition, leading to inconclusive result.
It is worth noting, that the dimension of the POVM E in Table I is 10 whereas the dimension of the POVM E in Table II is 13 . This serves as an example of how higher dimension of the POVM does not necessarily mean that it is more capable of solving the membership problem.
C. Measurement results
The membership problem was solved for two unknown states, Preparation 1 and Preparation 2, in the experiment. For the measurement in each basis, the average coincidence rate was 400 per second and the measurement time 60 seconds. Thus, the contribution of multiphoton events was negligible. Any unbalance in the beam splitters and losses in the collecting optics of optical fibers were compensated, as also differences in the quantum efficiencies of the single photon detectors. The dark count rate of the detectors was less than 200 counts/s and the width of the coincidence time window was 10 ns.
Preparation 1 (2) was prepared close to the state Ψ − (Ψ + ). In Table III and IV, we present the measured outcome probabilities in each basis. Here, the outcome probabilities are evaluated by their relative frequencies p(P i,j ) = C(i, j)/( i,j C(i, j)), where C(i, j) is the number of coincidence counts of the projection outcomes (i1, j2) and i, j ∈ {H, V }.
TABLE III. Measurement bases and the corresponding measured coincidence count probabilities of the detectors H1, V 1, H2, and V 2 in Fig. 2 , for the unknown state Preparation 1. Here, the rotation angles θ1, φ1, θ2 and φ2 are specified by the bases B1, B2, and B3 as presented in Table 1 . TABLE IV . Measurement bases and the corresponding measured coincidence count probabilities of the detectors H1, V 1, H2, and V 2 in Fig. 2 , for the unknown state Preparation 2. The measured probability distributions of the three bases are combined into a normalized vector p, resulting to a single probability distribution. We use the SLSQP optimization algorithm in the Python method scipy.optimize.minimize to numerically solve the density matrix ρ(b), which produces the measurement outcome distributions closest to the measured distributions. The density matrix is parametrized with the generalized Bloch vector b ∈ R 15 as ρ(b) = [21] .
We use b as the optimization parameter and minimize Since we solve the optimization problem numerically, the 1 -distance can never be exactly zero due to the limitations of numerical precision. We conclude that 1 -distance is zero whenever d 1 (p, q) ≈ 10 −8 . This is in line with the numerical accuracy when using simulated errorfree measurement data. In cases where
for the optimal states ρ(b 1 ) and ρ(b 2 ) in two different segments P 1 and P 2 , we conclude that the unknown state is so close to the boundary between P 1 and P 2 that the numerical and experimental errors are large enough to make the result inconclusive. In such cases, we have to change the boundary values − and + to change the partition so that we can get conclusive result.
Note that the density operator ρ(b) is not necessarily the unknown state, even if the 1 -distance is zero. This is because, for informationally incomplete measurements, two different states can lead to the same measurement outcome distributions. Nevertheless, since our measurement E is constructed to distinguish any state of S In Fig. 3 , we present the results for two unknown state preparations in the experiment. For both preparations, we show the solution to the fidelity membership problem for four different partitions. The difference between the partitions is the values of the fidelity boundaries − and + , illustrated by the vertical and horizontal dashed lines, respectively. The area to the right (left) from the vertical dashed line at − , is the set of states whose fidelity with Ψ − is at least − (smaller than − ). The area above (below) the horizontal dashed line at + , is the set of states whose fidelity with Ψ + is at least + (smaller than + ). The dotted area denotes the segment of the partition which contains the unknown state.
In panels (a) -(d) of Fig. 3 , we show the solutions to four different fidelity membership problems when the system is in the unknown state Preparation 1. In panel In this proof-of-principle paper, we concentrated on the case of two reference states resulting to four segmented membership problems. In principle, the number of segments in the partition can be increased by using more reference states. For example, choices σ = |ϕ σ ϕ σ |, where
(|0, 0 − |1, 1 ), and |ϕ σ = We conclude that in each partition and for both state preparations in the experiment, we find that in exactly one of the segments the optimal density operator ρ(b) produces the same outcome distribution as measured.
In other words, we have found out conclusively in each case which segment contains the unknown state and thus we have solved the membership problems. Since our POVM E was constructed so that it satisfies the condition of Eq. (4), this serves as experimental evidence for the validity of the theoretical geometric tools of [12] for constructing informationally incomplete measurements which solve membership problems.
V. CONCLUSIONS
We have constructed a family of ( − , + )-parametrized four segmented membership problems in the two-qubit state space. The partition was formed by fixing two maximally entangled two-qubit states, namely Ψ − and Ψ + as example reference states and using the dividing boundary values − and + of the fidelity between the reference states and the unknown state. Using the theoretical results of [12, 14] , we have studied the necessary and sufficient conditions of the POVM which can solve these membership problems.
We have constructed an informationally incomplete POVM capable of solving these membership problems and experimentally implemented it in the optical setup of two-photon polarization states by restricting to simultaneous local projective measurements. We illustrated the problem by using two unknown state preparations in the experiment and four pairs of ( − , + ) to form different membership problems for each preparation in the analysis. We have shown how to numerically analyze the measurement results to solve the membership problems. As our analysis shows, the unknown state was found to belong to exactly one for the segments, and thus the membership problems were conclusively solved in each case. Even though our work concentrates on parametrized four segmented membership problems, we have shown that measuring our POVM E solves also a 8 2 segmented parametrized membership problem formed with 8 different reference states. This way we illustrated how the geometric tools can be used to solve complicated ( 1 , . . . , n )-parametrized 2 n segmented membership problems of n reference states.
To conclude, we have presented a successful experimental test for the recently developed geometric tools, presented in [12] , for solving quantum membership problems with informationally incomplete measurements. We wish that our proof-of-principle experiment paves the way for informationally incomplete experimental implementations of other geometrically approachable membership problems in the future, such as the quantum discord and rank problems.
